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Introduction 

Let Q be a bounded open set in IR n with C 2 ' a boundary, n>2,0<a<l, D% and 
D 2 be two bounded strictly convex open subsets in Q with C 2,a boundaries which 
are e apart and far away from dQ, i.e. 

Di,D 2 C Q, the principal curvature of dD\, dD 2 > k 

1 (o.i) 

e : = dist(L>i, D 2 ) > 0, dist(D a U D 2 , dtt) > r , diam(fi) < — , 

where kq,tq > are universal constants independent of e. 
We denote 

tt := U D 2 . 

Given ip e C 2 (dQ), consider the following scalar equation with Dirichlet boundary 
condition: 

div(a k (x)Vu k ) =0 in Q, 
Uk = <p on oil, 

where 

'fce(0,oo) in D 1 UD 2 , 
a k (x) = ^ (0.3) 
1 on U\Di U D 2 . 
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It is well known that there exists a unique solution Uk € H l (VL) of the above equation, 
which is also the minimizer of Ik on H^(Q), where 



As explained in the introduction of [9], the above equation in dimension n = 2 
can be used as a simple model in the study of composite media with closely spaced 
interfacial boundaries. For this purpose, the domain Q would model the cross-section 
of a fiber-reinforced composite, D\ and D 2 would represent the cross-sections of the 
fibers, Q would represent the matrix surrounding the fibers, and the shear modulus 
of the fibers would be k and that of the matrix would be 1. Equation (I0.2p is 
then obtained by using a standard model of anti-plane shear, and the solution Uk 
represents the out of plane elastic displacement. The most important quantities 
from an engineering point of view are the stresses, in this case represented by Vtifc. 

It is well known that the solution Uk satisfies H^H^am^ < oo. In fact, if dDi 
and dD 2 are C m ' a , we have ||wfc||c"™.<*(Di) < oo. Such results do not require Di to 
be convex and hold for general elliptic systems with piecewise smooth coefficients; 
see e.g. theorem 9.1 in [9] and proposition 1.6 in [8]. For a fixed < k < oo, the 
C m,a (Dj)-norm of the solution might tend to infinity as e — > 0. Babuska, Anderson, 
Smith and Levin [I] were interested in linear elliptic systems of elasticity arising 
from the study of composite material. They observed numerically that, for solution 
u to certain homogeneous isotropic linear systems of elasticity, ||Vtt||L°° is bounded 
independently of the distance e between D\ and D±. Bonnetier and Vogelius [5] 
proved this in dimension n = 2 for the solution Uk of (j0.2p when Di and D 2 are two 
unit balls touching at a point. This result was extended by Li and Vogelius in [9] 
to general second order elliptic equations with piecewise smooth coefficients, where 
stronger C 1,/3 estimates were established. The C 1,/3 estimates were further extended 
by Li and Nirenberg in [8] to general second order elliptic systems including systems 
of elasticity. For higher derivative estimates, e.g. an e-independent L°°-estimate of 
second derivatives of Uk in Di, we draw attention of readers to the open problem on 
page 894 of [8]. In [9] and [8], the ellipticity constants are assumed to be away from 
and oo. If we allow ellipticity constants to deteriorate, the situation is different. 
It has been shown in various papers, see e.g. [6] and [10], that when k = oo the 
L°°-norm of Vuk for the solution Uk of equation (10. 2p generally becomes unbounded 
as e tends to zero. The rate at which the L°° norm of the gradient of a special 
solution has been shown in [5] to be e^ 1 ^ 2 . 

In this paper, we consider the perfect conductivity problem, where k = +oo. It 
was proved by Ammari, Kang and Lim in [3] and Ammari, Kang, H. Lee, J. Lee 
and Lim in |2j that, when Di and D 2 are balls of comparable radii embedded in 
Q = R 2 , the blow-up rate of the gradient of the solution to the perfect conductivity 
problem is e _1//2 as e goes to zero; with the lower bound given in [3] and the upper 
bound given in [2]. Yun in [TTJ generalized the above mentioned result in [3] by 
establishing the same lower bound, e~ 1 ^ 2 , for two strictly convex subdomains in M 2 . 



: = { u e H\Q) \ u = Lpon dQ}, 
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In this paper, we give both lower and upper bounds to blow-up rate of the gradient 
for the solution to the perfect conductivity problem in a bounded matrix, where two 
strictly convex subdomains are embedded. Our methods apply to dimension n > 3 
as well. One might reasonably suspect that the blow-up rate in dimension n > 3 
should be smaller than that in dimension n — 2. However we prove the opposite: 
As £ goes to zero, the blow-up rate is £~ 1//2 , (e| ln^l)" 1 and e~ l for n = 2, 3 and 
n > 4, respectively. We also give a criteria, in terms of a linear functional of the 
boundary data (p, for the situation where the rate of blow-up is realized. Note that 
[3] and [2] contain also results for k < oo. 



The perfect conductivity problem is described as follows: 



where 



Au 

u\+ 





it | 




u 



du 



du 
du 



lim 



in Q, 

on dD 1 U dD 2 , 
in Di U D 2 , 

) (i = l,2), 

on dfl. 

u(x + tv) — u(x) 



(0.4) 



Here and throughout this paper v is the outward unit normal to the domain and the 
subscript ± indicates the limit from outside and inside the domain, respectively. 



The existence and uniqueness of solutions to equation HO .41) are well known, 
see the Appendix. Moreover, the solution u G H l (Vt) is the weak limit of the 
solutions Uk to equations (10.21) as k —>• +oo. It can be also described as the unique 
function which has the " least energy" in appropriate functional space, defined as 
/«,[«] = min u6i 4 JooH) where 

IoM ■= o L l Vu l 2 ' veA, 
1 Jn 

A:= {v E H^(n)\Vv = 0inD 1 U D 2 }. 
The readers can refer to the Appendix for the proofs of the above statements. 

We now state more precisely what it means by saying that the boundary of a 
domain, say Q, is C 2,a for < a < 1: In a neighborhood of every point of dQ, dfl 
is the graph of some C 2 ' a functions of n — 1 variables. We define the C 2,a norm 
of dfl, denoted as ||9f2||c 2 . a , as the smallest positive number - such that in the 
2a— neighborhood of every point of dQ, identified as after a possible translation 
and rotation of the coordinates so that x n = is the tangent to dQ at 0, dQ is 
given by the graph of a C 2,a function, denoted as /, which is defined as \x'\ < a, the 
a— neighborhood of in the tangent plane. Moreover, H/Hc^O'Ka) ^ ~- 
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Theorem 0.1 Let fl,D 1 ,D 2 C R n , e be defined as in / fO) . cp G C 2 (dfl). Let 

u G H 1 ^) fl C 1 (fl) be the solution to equation (jTT^]). For e sufficiently small, there 
is a positive constant C which depends only on n, k , r , \\dQ\\ C 2,a, \\dDi\\ C 2, a and 
||<9-D2||c 2 . q ; but independent of e such that 



I Vu|| < —\\<p\\ c i(dn) for n = 2 



C 
C 

||Vu|| Loo( ^ < - — \\(p\\ca(joa) for n = 3, (0.5) 
C 

l|V«|| £0 o ( n) ^ — IMIcPCen) f or n>A. 

Remark 0.1 We draw attention of readers to the independent work of Yun [W{ 
where he has also established the upper bound, e^ 1 ^ 2 , in M?. The methods are very 
different. Results in this paper and those in fl?]/ and IW] do not really need Di and 
D 2 to be strictly convex, the strict convexity is only needed for the portions in a fixed 
neighborhood (the size of the neighborhood is indepedent of e) of a pair of points 
on 8D\ and dD 2 which realize minimal distance e. In fact, our proofs of Theorem 
GQHZEH also apply, with minor modification, to more general situations where two 
inclusions, D\ and D 2 , are not necessarily convex near points on the boundaries 
where minimal distance e is realized; see discussions after the proofs of Theorem 
[QfO zn Section 1.3. 

To prove Theorem 10.14 we first decompose the solution u of equation (j0.4p as 
follows: 

u = C\V\ + C 2 v 2 + v 3 (0.6) 

where Cj := Cj(e) (i = 1, 2) be the boundary value of u on dDi (i = 1, 2) respectively, 
and Vi G C 2 {fl) (i = 1, 2, 3) satisfies 



Avi = in fl, 

Vi — 1 on dDi, Vi — on dD 2 U dfl, 

Av 2 = in fl, 

v 2 = 1 on dD 2 , v 2 = on dDi U dfl, 

A^3 = in fl, 

v 3 = on dDi U dD 2 , v 3 = ip on dfl. 



(0.7) 

(0.8) 
(0.9) 



Define 



aih du Jdn du J dD2 dv J dn dv ' 



then Q e : C 2 (dfl) — > K is a linear functional. 



4 



Theorem 0.2 With the same conditions in Theorem \0.1\ let u E H 1 (Q) flC 1 (f2) be 
the solution to equation (0.4)- Fore sufficiently small, there exists a positive constant 
C which depends on n, Ko, r , \\d£l\\c2, a , \\dDx\\c^,a , \\dD2\\c 2 ,<* and \\(p\\c 2 (an), but 
is independent of e such that 



\^ u \\L°°(n) — 



\^ u \\L°°(n) — 



c 

\QeM 



c 



\Qe 



c 



e\ lne\ 
1 

e 



for n = 2, 
for n = 3, 
for n > 4. 



(0.11) 



Remark 0.2 If ip = 0, then the solution to equation ^0-4\) is u = 0. Theorem 
10.11 and Theorem \0.2\ are obvious in this case. So we only need to prove them for 
IMIc 2 (dQ) = 1, by considering u/\\ip\\ C 2 (m) . 

Remark 0.3 It is interesting to know when \Q e [ip]\ > ^ for some positive constant 
C independent of e. Roughly speaking Q e [<p] — > Q*[p] as e — > 0, and this amounts 
to Q*[<p] 7^ 0. For details, see Section 2. 

Theorem I0.1H0.2I can be extended to equations with more general coefficients as 
follows: Let n, Q, Di, D 2 , e and ip be same as in Theorem 10.11 and let 

A 2 (x) := (a%{x)) E C 2 (H) 

be n x n symmetric matrix functions in Q satisfying for some constants < A < 
A < 00, 

A|ei 2 < 4 j {x)Uj < A|eT, vx g n, G R n , 



and a%(x) E C 2 (Q\uj) 
We consider 



u\ 



U\ — 



Vu = 

d%{x)d Xi uv. 



y u = up 



3\ + 



in Q, 

on dDx UdD 2 , 
in Di U D 2 , 

(i = l,2), 

on dQ. 



(0.12) 



where repeated indices denote as usual summations. 
Here is an extension of Theorem 10.11 
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Theorem 0.3 With the above assumptions, let u 6 H 1 (Q) fl C 1 (Q) be the solution 
to equation For e sufficient small, there is a positive constant C which 

depends only onn, k , r , \\d£l\\cp,<x , \\dDi\\ C 2, a , H^Z^Hc 2 ^; K A and \\A 2 \\ c2 ^y but 
independent of e such that estimate Ii0.5\) holds. 

Similar to the decomposition formula (10.61) . we decompose the solution u of 
equation (10. 12)) as follows: 

U = C 1 V 1 + C 2 V 2 + V 3 (0.13) 

where Cj := C^e) (i = 1, 2) be the boundary value of u on dD { (i = 1, 2) respectively, 
and V t E C 2 (Q) (i = 1,2,3) satisfies 



d x . (a%(x) d x .VA =0 in Q, 

V x = \ on dD x , Vx = on dD 2 U dQ, 

d x . (a%(x) d Xi V 2 j =0 in Q, 

V 2 = l on dD 2 , V 2 = on dD 1 U dQ, 

d Xj (a%(x) d x V^j =0 inQ, 

V 3 = on dDx U dD 2 , V 3 = if on dQ. 



(0.14) 



(0.15) 



(0.16) 



Define 



Q £ [ip] : = / a\\x) d Xi V 3 Uj / a 2 3 (x) d x V 2 v 5 
JdD 1 Jan 



(0.17) 



a l £(x) d Xi V 3 Uj I a\ ] (x) d Xi V x Vj, 
dD 2 Jan 



then Q £ : C (dQ) — ► R is a linear functional. 

Theorem 0.4 With the same conditions in Theorem \ 0.3i let u G H 1 {Q) fl C 1 (fi) 
6e £/ie solution to equation W.12\) . For e sufficiently small and Q £ [<f} defined by 
there is a positive constant C which depends only on n, Kq, r , \\dDi\\ C 2, a , 



\\dD 2 \\ C 2, a , X, A and \\A 2 \\ , but independent of e such that estimate W.ll\) holds. 

The paper is organized as follows. In Section 1 we prove Theorem I0.1H0.2I In 
Section 2 we give a criteria for |QeMI to be bounded below by a positive constant 
independent of e. Theorem 10.31 - 10.41 are proved in Section 3. In the Appendix we 
present some elementary results for the conductivity problem. 
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1 Proof of Theorem 10.11 and 10.2 



In the introduction, we write u = CiVi + C 2 v 2 +v 3 as in (10. 6p . To prove our main the- 
orems, we first estimate || Vw|| loo ^ in terms of \C\— C 2 |, and then estimate \C%— C 2 |. 

In this section we use, unless otherwise stated, C to denote various positive con- 
stants whose values may change from line to line and which depend only on n, k , 
r , ||<9fi||c2,«, ||<9.Di||<72,c« and ||<9_D 2 ||c 2 . q - 

Proposition 1.1 Under the hypotheses of Theorem \ 0.1\ let u be the solution of 
equation There exists a positive constants C , such that, for sufficiently small 

e > 0, 

\\C X -C 2 \< ||Vu|| LOO(fi) <^\C l -C 2 \ + C\\<p\\c* m . (1.18) 

To prove this proposition, we first estimate the gradients of vi, v 2 and V3. Without 
loss of generality, we may assume throughout the proof of the proposition that 
IMIc 2 (d!T2) = 1; see Remark [0.21 



Lemma 1.1 Let Vi,v 2 be defined by equations 7| ) and W.8\) . then for n > 2, we 
have 

C dvi 11^2,1 ^ 

ll Vw illL-(n) + II Vw 2|| l ^ ( q) < ll-^jlk-(sn) + ||-^jlk°°(sn) < C. 

Proof: By the maximum principle, ||ui||xoo(m < 1, and since V\ achieves constants 

on each connected component of dfl, and each connected component of dQ is C 2,a 
then the gradient estimates for harmonic functions implies that 

\\X7 II ~ <r glNU^ _ £ 
"^"^-dist^!,^)" e' 

Similarly, we can prove || Vv 2 \\ Lcc ^ < C/e. The second inequality follows from the 
boundary estimates for harmonic functions. □ 

Before estimating |Vi>3|, we first prove: 
Lemma 1.2 Let p G C 2 (Q) be the solution to: 



Ap = in Q, 

p = on dDi U dD 2 , p = 1 on d£l. 



;i.i9) 



Then ||Vp|| Loo(fi) < C 



Proof: Let p t (i = 1, 2) G C 2 (fi\A) n C^A) be the solution to: 

Api = in fi\-Dj, 

Pi = on dDi, pi = 1 on dQ. 



Again by the maximum principle and the strong maximum principle, we obtain 
< pi < 1 in Q\D 1 . Since D 2 C Q\Di, we have p\ > = p on dD 2 . And since 
Pi = p on <9-Di and dQ, therefore p\ > p on f2. Now because pi = p = on dDi and 
pi > p > on Q, so 

||Vp|| L ao (aDl ) < ||Vpi|| L ^ ( a Dl ) < C. 

Similarly, 

II ^ P\\L°°{dD 2 ) < || Vp 2 ||L°o(aD 2 ) < C- 

By the boundary estimate of harmonic functions, we know that || Vp||L°°(an) — C. 
Since Ap = in Q, d Xi p is also harmonic, by the maximum principle, 



< C. 



□ 



||Vp|| ioo(S) < max (j|Vp|| L oo (aDl) , \\Vp\\ L oo (aD2) , ||Vp|U«(an)) < 
Now, we estimate |Vt>3|: 

Lemma 1.3 Let t> 3 be defined by equation W.9\) . for n > 2, we have 

||Vu3|| L oo ( n) < C. 

Proof: Since v% = —p = p = on ODiii = 1, 2), and — p < v 3 = <p < p on <9f2, we 
have, by the maximum principle, 

—p < ^3 < P in f2. 

It follows, for i = 1,2, that 

||Vw 3 ||l-(9a) < l|Vp|U-(aA) < C. 
By the boundary estimate, 

1 1 VU3 1 1 £«> (an) < C. 
By the harmonicity of d x .v$ and the maximum principle, 



|V« 3 || i0 o ( n) < C. 



□ 



Remark 1.1 Without assuming ||<p||c 2 (9fi) = I, we have 

\\Vv 3 \\L°°(dD 1 udD 2 ) < C|MU°°(afi)> 

where C has the dependence specified at the beginning of this section, except that it 
does not depend on \\d£l\\c2,<* ■ This is easy to see from the proof of Lemma \1.3[ 

The above lemma yields the main result of pQ. 
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Corollary 1.1 (pQ) Let Bi and B 2 be two spheres with radius R and centered at 
(±i? ± |, 0, • • • ,0), respectively. Let H be a harmonic function in M 3 . Define u to 
be the solution to 



Au = in R 3 \Bi U B 2 , 

u = ondB 1 U dB 2 , 

u(x) — H(x) = 0(|x| _1 ) as \x\ — > +oo. 

Then there is a constant C independent of e such that 

||V(« — H)\\ Loa( ^3\ BiUB ^ < C. 

Proof: By the maximum principle and interior estimates of harmonic functions, 
the C 3 norm of u\b 2R (o) is bounded by a constant independent of e. Apply Lemma 
11.31 with Q = B 2 r(0) and ip = u\b 2R (o), we immediately obtain the above corollary.D 

With the above lemmas, we give the 

Proof of Proposition M . 1\ Since u = C\ on dD\, u = C 2 on dD 2 , dist((9Z^ 1 , dD 2 ) = e, 
by the mean value theorem, 3 £ G Q such that 



\Cx-C, 



2 



||Vu|| £oo(5) > |Vu(OI > 
By the decomposition formula (10.61) . 

Vu = CiVvi + C 2 Vv 2 + Vv 3 = (d - C 2 )Vi;i + C 2 V(wi + v 2 ) + Vv 3 . 

Hence, 

||Vm|| Loo( ^ < |Ci - C 2 |||Vvi|| L0O(B) + |C 2 |||V(vi + V2)|| L co ( n) + l|Vv 3 || L «» ( n). 



By Lemma 11.21 since v i + f 2 = 1 — p in f2, we have 

||V(«i+t;2)|| ioo( n) = HV(l-p)IU (B) = ||Vp|| Loo(S) < C. 

Using the fact we showed in the Appendix, ||u||/ri(n) < C, so \C\\ + \C 2 \ < C. 
Therefore using also Lemma [1.11 we obtain, 



C 

e 

This proof is now completed. □ 



\Vu\\ Loa{ c l) <-\C l -C 2 \ + C. 



Later we will give an estimate of \Ci — C 2 \, which, together with Proposition 11.11 
yields the lower and upper bounds of ||Vw|| Loo /qs for strictly convex subdomains D\ 
and D 2 . 
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1.1 Estimate of \C\ — C 2 \ 

Back to the decomposition formula (10.61) . denote 



dvj_ 
dv 



= 1,2), h 



dDi 



dv 3 
dv 



1,2). 



;i.2o) 



We first give some basic lemmas: 

Lemma 1.4 Let aij and bi be defined as in $1.20\) . then they satisfy the following: 

1. a 12 = a 21 > 0, a u < 0, a 2 2 < 0, 

2. -C < a u + a 2 i < —C < a 22 + a l2 < ~, 

3. \b x \ < C, \b 2 \ < C. 

By the fourth line of equation (10.41) . C\ and C 2 satisfy 



J auCi + a l2 C 2 + bi = 0, 
1 a 21 Ci + a 22 C 2 + b 2 = 0. 



'1.21} 



By solving the above linear system, using au = a 2 \ and a\\a 22 — a\ 2 a 2 \ > which 

-b 2 an + bta 12 



follows from Lemma [1.4[ we obtain 

-b\a 22 + b 2 a\ 2 



Ci 



2 ' 
0-11(3,22 ~~ a l2 



c 2 



2 ' 
G-ll a 22 — 0, 12 



1.22 



and therefore, 



\C\ — C 2 





- ab 2 \ 


Oil 


— aa\ 2 \ 



a u + a 12 

where a = > 0. 

a 22 + <2i2 



;i.23) 



Based on this formula, we will give the estimates for |an — aai 2 \ and \bi — ab 2 \, then 
the estimate for \C\ — C 2 \ follows immediately. 



Proof of Lemma 1.4 (1) By the maximum principle and the strong maximum 
principle, 

< Hi < 1 in £1. 



By the Hopf Lemma, we know that 



dvi I dvi 
dv ' 



Similarly, 



dv 2 



>0, 



dv ldD * 

dv 2 | 



dv ' dv l9D * 

Thus an < 0, a 12 > 0, a 2 i > and a 2 2 < 0. 



> 0, 



<0, 



dv 1 1 
dv 2 | 



< 0. 



< 0. 
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Also, since v\ and v 2 are the solutions of equations (10.71) and equations (10.81) . 
respectively, we have 

Jn Jn JdD 2 



dv Jqd x du (1.24) 



— — a 21 + a 12, 

i.e. a 2 i = a 12 . 



(2) We will prove the first inequality, the second one stands with the same reason. 
By the harmonicity of V\ in Q, 

/"a f dvi f dvi 
an + a 2 i = - / Au x + / — = / — < 0. 



so ./an <9z/ 



By Lemma [1. 11 

an + 0-21 = / -7— > -C. 



mi 



dv 



On the other hand, since < v\ < 1 in and v\ — 1 on dDi, by the boundary 
gradient estimates of a harmonic function, 3 B(x,2f) C f2, such that i>i > 1/2 in 
f), where f is independent of e. Let p G C 2 (0\L> 2 U B(x,f)) U C 1 ^ U £lD 2 U 
dB{x,f)) be the solution of the following equation: 



Ap = in Q\D 2 U B(x,f), 

p = 1/2 on dB(x, f) p = on dD 2 U cKl 

By the maximum principle and the strong maximum principle, 0<p<l/2in 
Q\D 2 U B(x, f). A contradiction argument based on the Hopf Lemma yields, 

-f£>± o„ an. 

az/ C 



On the other hand, since p < V\ on the boundary of U^U B(x, f), we obtain, 
via the maximum principle, < p < v\ in f2\Z?i U _D 2 UB(i,f). It follows, using 
p = f i = on <9fi, that 



Thus, 



, dvi f dp 1 
a u + a 2 i= / -T- < -^-<—^- 
'an dv Jan ov C 



(3) Clearly, 



Ian ov J dDl dv J m dv 
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Thus, 



dvi 



< 



mi 



dvi 
dv 



< C. 



Thus, we finished the proof. 



□ 



1.2 Estimate of \a\\ — aan\ 

By a translation and rotation of the axis, we may assume without loss of general- 
ity that Di, D 2 are two strictly convex subdomains in Q C M™ which satisfy the 
following: 

(-e/2, 0') G (e/2, 0') e 0D 2 , e = dist(<9D 1; dD 2 ) = dist(£>i, D 2 ). (1.25) 

Near the origin, we can find a ball B(0, r) such that the portion of <9_D; (i = 1, 2) in 
-8(0, r) is strictly convex, where r > is independent of e. Then dDi R 5(0, r) and 
9-D 2 n5(0, r) can be represented by the graph of x\ = f(x')—e/2 and x\ = g(x')+e/2 
respectively, where x' = (x 2 , • • • ,x n ). Thus f(0') = g(0') = 0, V/(0') = V^(O') = 0, 
and —CI < (D 2 f(0')) < ±J < (D 2 g(0')) < CI. 

With these notations, we first estimate an for i = 1,2. 

Lemma 1.5 Let an be defined by U.20\) . then 

1 C 

< -an < — , for n = 2, i = 1, 2. 



Proof: It suffices to prove it for an. By the harmonicity of t>i, we have 



A«! • Wl = - / |V^| 2 - / = - I \V Vl \ 2 - a n , 

Jn JdD x o v Jn 

i.e. 

an = - / |V^i| 2 . 
Now we construct a function (here in M 2 , we let x = X\, y = x 2 ) 

_/ \ x - 9(y) - 1 n 9R x 

w(x,y) = — — 1.26 

on O r := f2 fl {(x,y)| |y| < r}. It is clear that w{x,y) is linear in x for fixed y and 

W |B(0,r)n9Di= 1; W |B(0,r)na-D 2 = 0' 

so we have 

/■9(f)+§ rg{y)+^ 2 

I \d x w(x,y)\ 2 dx < / \d x Vx{x,y)\ 2 dx, 

12 



i.e. 

9{y)-f{y) + £ 7/(„)-§ 

Integrating on y we get 

rr/2 rg(y)+^ rr/2 ■, 

/ / |d^i(x,y)| 2 c£rcfy > / 



dy 



> 77 / TZTT-JV 



i r /2 1 

> 

Thus 



/ 



(1.27) 



C J y 2 + e y Cyfi' 

r/2 rg(y)+^ -j_ 



-flu> / / |^vi(x,?/)| 2 rfxrfi/ > 

Jo .//(»)- S 



On the other hand, we can find ^ G C (f2) such that 



ip = on O r /s, ip = I on dDi\{O r /&), ip = on dD2\(O r /4), 

ip = on <9f2, and || V-^Hl 00 ^) < C- 
We can also find p e C 2 (f2) such that 

< p < 1, p = lon O r /2, p = on f2\O r and |Vp| < C. 

Let u> = pW + (1 — p)^, then w = 1 = t> i on dDi;w = = t>i on (9/^2? w — — Vi 
on <9f2 and w = w on O r /2- Then by the properties of if), p and the harmonicity of 
Vi, we have 

/ |V^i| 2 < [\Vw\ 2 < [ |VnT| 2 + C. (1.28) 
Jn in Jnno r/2 



A calculation gives 



_ g'(y)(g(y) ~ /(!/) + g) - (g(y) - x + §)(g'(y) - /' (y)) 

(^(y)-/(y)+^) 2 

We will show / Sn0r/2 |^W| 2 < C. 
Indeed, 

rr/2 /. ff (j/)+f 



/ / |d y w(x,y)| 2 ctedy 

rr/2 fg{y)+ l , gl{yf (9(y)-x+mg'(y)-f'(y)r \ 

- Jo Jm-i {(9(y)-f(y) + e)* + (g(y) - f(y) + ey " J ^ 



2 r 9 ' {V) dy + 2[ 



o g(y)-f(y) + £ 



dy 



rr/2 2 rr/2 2 

<C/ -Ji^dy + C -4—dy 

Jo y 2 + e Jo y + £ 

< a 

(1.29) 
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Then by pg| and (fCTj) 



\a n \ = /jV^il 2 < / \VW\ 2 + C 

-r/2 /.fld/)+f 



(1.30) 



<C/ / iD^x.^pttedy + C 

•/O ^/(y)-f 
/■r/2 -I /-r/2 i 

c 

The proof is completed. □ 
Similarly, we have 

Lemma 1.6 Let an be defined by U.20\) . 

— | lne| < — an < C\ lne|, for n = 3, i — 1, 2. 
Proof: We consider 

w(xi ' x/) = - /xO-/(io + g (L31) 

on O r /2 := fl {(a?!,^')! Isc'l < |}. Use the same proof in Lemma [T75| we have 

r-r/2 r g(x')+% 

\d x /W(xi,x')\ 2 dxidx' < C. 

o •//(*')-§ 
Therefore, it suffices to verify that 

l&^IZJ^a/)! 2 ~ |lne|. 



nno r/2 



Indeed, 



L, /2 l^^^l' = i, <r/2 9M -} M+£ rfl ' ~ I «^T7* ~ 1 ln£| ' 

This completes the proof. □ 

Lemma 1.7 Lei 6e defined by $1.200 . 

^<-CLii<C forn>4, z = l,2. 
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Proof: We only need 

f f 1 f' r ^ 2 t n ~ 2 

L n l^^l' = i, <r/29 M-/M+^' ~ X cWTS dt ~ c - 

The proof is completed. □ 
Lemma 1.8 Le£ a fre defined by M.23\) , we have 

^<«<c. 



Proof: By the definition of a and using the second statement in Lemma [1.41 we 
are done. □ 

To summarize, we have 

Proposition 1.2 Let and a be defined by U.20\) and U.23\) . we have 
1- c7? - l an ~ aai2 \ - 7i for n = 2, 

2. lne| < | an — crai 2 | — C\ lne\ for n = 3, 

3. ji < I an — oi(ivi\ < C for n > 4. 

Proof: Since an < 0, a i2 > 0, an + a i2 < and a > 0, we have 

|on| < | fl n — cra 12 | < (1 + a)|a n |. 

Combining the results of Lemma ll.5[ Lemma 11.61 Lemma 11.71 and Lemma ll.8[ the 
proof is completed. □ 



1.3 Estimate of \bi — 062 1 



Proposition 1.3 Let 6 1; b 2 , a and Q £ [(p] be defined by M.2ty) , U.23\) and W.lCfy , 

we have 

i^P < |6i - ab 2 \ < C|M| c2(9n) . 
Proof: Combining the third result in Lemma [1.41 and Lemma [1.81 we have 

|&1 - ab 2 \ < |&i| + HI&2I < C\\(p\\ C 2 {dn) . 

On the other hand, by the definition and the harmonicity of V\ and v 2 and using 
Lemma [1.41 we obtain 



1 61 — ab 2 \ 



|&i(a 22 + a u ) - b 2 (a u + a 12 ) 



> 



C 



|«22 + a 12 

dv 3 



du 



dv 2 
mi du 



dD 2 



dv 3 
du 



dvi 



\Qe 



c 
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This completes the proof. □ 
Now we are ready to prove our two main theorems: 

Proof of Theorem \0.1W0.2\ By Proposition 11.11 and (|1.23p . then using Proposition 
11.21 11.31 we are done. □ 



As we mentioned in Remark 10.11 the strict convexity assumption of the two 
inclusions can be weakened. In fact, our proofs of Theorem 10.11 - 10.21 apply, with 
minor modification, to more general situations: 

In M. n , n > 2, under the same assumptions in the beginning of Section 1.2 
except for the strict convexity condition, ODi D 5(0, r) and dD 2 D 5(0, r) can be 
represented by the graph of x\ = /(a/) — § and x% = g(x') + |, then f(0') = g(0') = 0, 
V(g — /)(0') = 0. Assume further that 

Ao|x'| 2m < g{x') - f{x') < Axlx'l 27 ", V|x'|<r/2, (1.32) 

for some e-independent A , Ai > 0, m > 1 G Z. 

Under the above assumption, let u G 5 1 (f2) nC^O) be the solution to equation 
(10.41) . For e sufficiently small, there exist positive constants C and C, such that 



' <l|Vn|| LOO( ^ < Cy\\ C 2( 9 n) • e~^, ifn- 1 < 2m, 

^fe^ ' 7\~Lr\ -H Vu II^(^) - C McHan) • ifn- 1 = 2m, (1.33) 

~^r~ ' ~ <ll VM llL-(n) ^ ^llvllcpcai) - J, */n - 1 > 2m, 

where Q e [v?] is defined by (10.101) . and C depends on n, m, Ao, Ai, r , ||90||ca,a, 
||9Di||cf3,a and j | c^^Da 1 1 c 2 -" ? C 1 depends on the same as C and also |M|c 2 (<9n)> but 
both are independent of e. 

The proof is essentially the same except for the computation of J~ |Vt>i| 2 . 
In fact, 

rr/2 r g{x')+% 

\d x 'W(xi, x')\ 2 dxidx' < C, 



still holds. Then by ( 11. 27ft and ( 11.301) we only need to calculate 

l r/ 2 p ™-2 

dx ~ / ,^ , dp. 



l\x'\<r/2 g(x') ~ f(x') + e " J p 2m + e 
Indeed, if n — 1 < 2m, 

dp = e 2 ™ — -ds~C£: 2 '" , 



p 2m _|_ £ ^ s 2m + 1 
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if n — 1 = 2m, 



if n — 1 > 2m, 



r/2 n -2 i rr/2 -, 

dp =7^ ^-—dp 2m ~ C\\ne\ 



o p 2m + e 2m Jo p 2m + e 

r/2 n-2 

Iq p + e 

Therefore, we obtain (11.331) by using the same arguments in the proofs of Theorem 
10.11 and Theorem 10.21 

Actually, we can replace 2m by any real number (5 > 0, the results still hold. 

2 Estimate of |Q e [y?]| 

In order to identify situations when ||Vw||z,°° behaves exactly as the upper bound 
established in Theorem 10.11 we estimate in this section |Q e [<£>]|. To emphasize the 
dependence on e, we denote D\, D 2 by Di £ , D 2e , denote if by <p E , and denote Vi, v 2 , 
f 3 defined by equation (10.71) . flO.Sp . (10. 9p as V\ £ , v 2e , v 3e . In this section we assume, 
in addition to the hypotheses in Theorem 10.1} that along a sequence e —>■ (we 
still denote it as e), D u -> D{, D 2e -> D* in C 2 ' a norm, <p £ -> 99* in C 1 '"^). 
We use notation £7* = 0\Z?J U an d assume, without loss of generality, that 
D^n D% = {0}. We will show that as e — * 0, f ie converges, in appropriate sense, to 
t>* which satisfies 

A«? = in n* . 

1 ' 2.34 

v\ = 1 on dDl\{0}, v{ = on^U ^\{0}, 

Av; =0 inVl*, . 

(2.35) 



1 on dD*\{0}, v* 2 = ondVLU dD\\{ti}, 

A^ = inti*, 
v* 3 = on dD\ U dD* 2 , v* = <p* on dfl. 



First we prove 

Lemma 2.1 There exist unique v* G n C°(fi* \ {0}) fl C 2 (U*), i = 1,2, 3 ; 

which solve equations <\2.34h (\2.35§ and ( \2.36§ respectively. Moreover, v* G C 1 (Q*\ 



W). 

Proof: The existence of solutions to the above equations can easily be obtained by 
Perron's method, see theorem 2.12 and lemma 2.13 in [7j. For reader's convenience, 
we give below a simple proof of the uniqueness. We only need to prove that is the 

only solution in L°°(Q*) n C°{Q* \ {0}) n C 2 (Q*) to the following equation: 

= in ST, 

1 (2.37) 
= on «9ST\{0}. 
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Indeed, V e > 0, we have 



£ n ^ 1 1 W 1 1 ~ 

\w(x)\< "!C m , on d(n*\B £ )(0). 



x 



By the maximum principle, 



\w(x)\< £ l j wl !^\ Vxen*\s e (o). 



\x 



Thus io = in Cl*. The additional regularity v* G C 1 (fi*\{0}) follows from standard 
elliptic estimates and the regularity of the dDi and dQ. □ 

Lemma 2.2 Fori = 1,2,3, 

Vie — > v* in Cf oc (h*), as e -> 0, (2.38) 



,k! <9z/ Jan <9z/ 

dvz £ f dv- 



as e^O, z = l,2, (2.39) 
as e -> 0. (2.40) 



dD ZE dv J dD * dv 

Proof: By the maximum principle, {||f; £ ||i,°°} is bounded by a constant independent 
of e. By the uniqueness part of Lemma I2TTI we obtain (12.381) using standard elliptic 
estimates. By Lemma 11.31 {II Vt>3 e ||L°°} is bounded by some constant independent 
of e, so HVf^Hioo < oo. Estimate (I2.39j) and (12.401) follow from standard elliptic 
estimates. The proof is completed. □ 

Similar to Q e [<p e ], we define 



JdDi dv J m dv J dD , dv J dn dv 

then Q* : C 2 {dVt) i— > R is a linear functional. Let Q £ [<£> £ ] and <3* [<£>*] be defined by 
equation (IQ.lOp . (12.411) . then, by the above lemmas, 

QeVfe] — ►Q* [v>*]> as ^^o. 

Corollary 2.1 If <p* G C 2 (dQ) satisfies Q*[(p*] ^ 0, then \Q £ [(p £ ]\ > ^, for some 
positive constant C which is independent of e. 

In the following we give some examples to show that, in general, the rates of the 
lower bounds established in Theorem 10.21 are optimal. 

Let Q C M. n , n > 2, be a bounded open set with C 2 ' a boundary, < a < 1, which 
is symmetric with respect to xi-variable, i.e., (x\, x') G £1 if and only if (— x\, x') G Q, 
where x' = (x2, • ■ • , x n ). 
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Let D\ be a strictly convex bounded open set in {( Xl ,x') G R"|xi < 0} with 
C 2 ' a boundary, < a < 1, satisfying G 3D\ and Z5j C ft. Set = {(an, a/) G 
M n |(-xi,x') G D*}. 

Let <p G C 2 (<9ft)\{0} satisfy 

<Ahm(2?i, x') := ^ [<£>(a?i, x') - (p(-x t , x')] < (or > 0), (2.42) 

on (<9ft)+ := {(xi,x') G <9ft|xi > 0}. 
For e > sufficiently small, let 

£> l£ := {(my) g n\( Xl + £ -,x') G D*}, 

D 2e := {( Xl ,x') G - -a/) G A*}, 

^ := p. 

Proposition 2.1 Under the above assumptions, we have \Q e [<p]\ > for some 
positive constant C independent of e. Consequently, 

||Vu e || ioo(5) > for n = 2, 

||Vn £ || Loo( ^ > ^i^i M n = 3, (2.43) 
||Vu e || ioo(S) > ^ /or n > 4, 



where u £ is the solution to equation (OJjJ. 

The above proposition can be easily obtained by the following lemma which gives 
a necessary and sufficient condition instead of condition f)2.42p on <p for the lower 
bounds (J2Z3J) to hold. 

Let 

(v* 3 )odd(xi,x') := -[f3(xi,x) -^(-x^x)], (2.44) 

we have 

Lemma 2.3 Under the same hypotheses in Proposition ^. 1\ except for the condition 
let Q e [f] and (v^)om{x) be defined by equation W.10\) and &2.44\) > then the 
following statements are equivalent: 

1. For some positive constant C independent of e, we have \Q e [ip\ \ > 
Ian, 9J %^ * 0. 
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Proof: By symmetry, the strong maximum principle and the Hopf Lemma, we can 
easily obtain 

dv{ f dv 2 



Then 

Q*[ 



;>n 9u J dn dv 
dv{ / f dvl f dvl 



an dv \J dDl dv J 9D * dv 
dvl ( f d(v* 3 ) odd f d(v* 3 



an dv \J dD * dv J Hn , dv 



I odd 



dvl f d( v t) 



an uu Jan 



odd 



dv Ian* dv 



Hence, Q*[tp\ ^ if and only if / ^ 0. Then by Corollary EH we 



WD* 2 dv 

complete the proof. □ 

Proof of Proposition ED Note that (v^) o dd(0, x') = by symmetry, and {v^) dd 
is harmonic with (v^odd = fodd < (or > 0) but not identically on (dfl) + . 
Now by using the strong maximum principle and the Hopf Lemma, it is clear that 
JdD* 9{v H° dd ^ 0, Hence, by Lemma O and Theorem EM 

we are done. □ 



Remark 2.1 If if = YH=i^ x i w ^h hi G R and b\ 7^ 0, then by Proposition \2.1\ 
we have \Q £ [(p]\ > jj. Therefore, by Theorem I0.il and \0.2l the blow-up rates of 
1 1 V« 1 1 2,00 m) are e~ l l 2 in in dimension n = 2, (e\ ln^l) -1 in dimension n = 3 and e^ 1 
in dimension n > 4. 



Now instead of in a bounded set fl, we consider in 

r Aw 



8D U 



= 

= u E \ 
= 

du F 



dv 







in R n \D l£ U D 2e , 
on dD l£ U dD 2£l 
in D l£ U D 2e , 

(i = 1,2), 



(2.45) 



limsup \x\ n \u £ {x) — H(x)\ < 00, 

I a; I — >■ 00 

where H(x) is a given entire harmonic function in M n . 

we have the following result regarding the lower bound for |Vw e |: 

Proposition 2.2 With the same assumptions on D\ £ and D 2e as in Proposition 
\2.1[ and let H{x) be an entire harmonic function in W 1 satisfying H dd(xi, x') := 
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l[H(xi,x') -H(-x u x')] < (or> 0) on := {(x u x') G R n \xx > 0}, then for 
some positive constant C independent of e, we have 



1 



\^ u e\\L°°(R n \D l£ UD 2 e) — ^ i~ f 0T n ~ 



1 1 ^ u s {R n \D u UD 2e ) — ~Q £ f 0T 71 — ^' 

where u £ is the solution to equation ( 2. 4^) - 

Proof: Step 1. First, we show that there exists a positive constant C independent 
of e, such that for any small e > 0, 



Ixl"- 1 !^) < C, V x e R n \D l£ U D 2e . (2.47) 

(i) For any bounded open set U C R n with C 1 boundary <9£7 satisfying dU fl 



Z^i e U /} 2e = 0, we have, in view of the first and the fourth lines in (I2.45p . 

du £ 



dv 



Au £ = 0. (2.48) 



'dU uu JU\D le UD 2e 

(ii) We show that there exists a positive constant M independent of e, such that 

\\u B - H\\ LX(Rn \ DlsUD2e) < M, V small e > 0. 
We only need to prove 

2 

K - H\\ Loo(Rn \ DuUEhc ) < ^(maxff- mmH). (2.49) 

Since Vu £ = in Di £ U D 2e , u £ is constant on each D ie , denoted as Ci(e). We know 
that 

lim (u £ (x) - H(x)) = 0, (2.50) 

and 

Ci(e) -max H <u £ - H <Ci(e) -mm H, on D ie , i = 1,2. (2.51) 
If ([23SD did not hold, say, 

2 

sup(w e — H) > y ^maxfl" — minif), 
then, because of (I2.50p and (I2.5ip . there would exist < a < sup(w £ — H) such that 



U := {x eR n \ (u £ -H)(x) > a} ^ satisfies 8UnD l£ U D 2e = 0. We may assume, 
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by the Sard theorem, that a is a regular value of u £ — H, and therefore dU is C 1 . 

By the Hopf lemma, ^— < on dU, and therefore 

du 



l 81 



d(u £ - H) < Q 



On the other hand, using (12. 48ft and the harmonicity of H in U, we have 

d(ue-H) f OH 



au du J du du jjj 



AH = 0. 



A contradiction. 



(hi) Consider w £ (x) := u e (x) — H{x). Fix a constant R > 0, independent of e, 
such that fl'UD^C £r / 2 (0), and let 

:= rn — ( t~t^) ! < \y\ < -!-. 

Then is harmonic in Bi/ji q \{0}. By the last line of (12.451) . there exists a positive 
constant C(e) such that 

\Zr £ (y)\<C(e)\y\, < |y| < i-. 



R 







Therefore, Aiu £ = in -Bi/k and w £ (0) = 0. By (ii), we have \w £ \ < C, on dBy^, 
for some positive constant C independent of e. Hence, \nf £ \ < C, \Vuf £ \ < C in 
Bi/(2R ), then 

\Ws{y)\ < C\y\, \y\< 



2Rq 



Therefore, also using (ii), (12.471) holds. 



Step 2. For R > R , let = B R (0). Let (p £ := u £ |an, then by Corollary EH] 
and Theorem 10.21 it is enough to show, for some R, that Q* [<£>*] 7^ 0, where if* is 
defined at the beginning of this section. By symmetry, we have 



dv I ( f <%3 f dvl 



an du V J dD , du J 9D * du 



Without loss of generality, we may assume H odd (x) > on R™ . Recall that is 
the solution of (12.361) with boundary data </?*. In the following we use notation (v*,)h 
to denote the the solution of (12.361) with boundary data h. Since Q* [<p*] is linear on 
if* and by symmetry Q*[H even ] = H[ip* even ] = 0, where H even (x) := H(x)-H odd (x) = 
\ [H(x%, x') + H(— xi, x')] and similar for fl ven , we may assume H(x) = H odd (x). 
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Now consider w(x) = H(x) — (v^)h{x). Then w(x) is harmonic in Q* which is 
defined at the beginning of this section. By symmetry, w(—Xi,x') = —w{xx,x'), 
w(x) = H(x) on dD\ U dD^ and w(x) = on dQ. Therefore, 



-2 f H^- = f w(x)Aw(x)+ f |Vi 
JdD* dv J n * J n * 



w \ 2 = / |Vw| 2 > 0. 



On the other hand, (v£)h = on dDZ,, (v^) H > on (d£l) + and, by the oddness 
of (v£)h, (vs)h = on {(xi,x f ) \ x\ = 0}. Thus, by the maximum principle and 
the strong maximum principle, (v^)h > in Q* and in turn, using the Hopf lemma, 



- — > on dD%. Hence, using the harmonicity of H, 
ov 

maxH , Mk> / H d -m>! H d S-l H dm 



,w* dv J 0D , " dv J aD , dv J 9D * dv 



> / |V#| 2 > ^ 



Therefore, 



d(v$) H > 1 



>dD* 2 dv C 

for positive constant C independent of R. 

For s £ := ip £ — H on dQ, by step 1, there exists a constant C > which is 
independent of e and R, suth that ||s e ||,L°°(an) < CR}~ n . By Remark ll.lt we have 
|| V(fg) s * ||l°°(9d*u9dj) < C||s*||i,'»(an) 5 thus, 

/ ^o 3 ^ f ll s *l|L° c (9n) < CR 1 n , 

JdD* av JdD* 

for some positive constant C independent of e and R. 
Therefore, for large enough R, 

d(v* 3 )^ _ f d(v*)„ + f d(v*) s * > J- _^ Q 



3D* uu J 3D*. uu JdD 2 



It is also clear that J dn < 0, Thus, 



dv J fin* Ov Jan* dv C 

dv* 



dvl f d(vZ) v - 



This proof is completed. □ 

Remark 2.2 In IR 2 , when D\ £ and Z^e ore identical balls of radius 1, the estimate 
$-4ty was established in JM/ under a weaker assumption d Xl H(0) ^ 0. 
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3 Proof of Theorem 10.31 and 10.4 



In the introduction, similar to the harmonic case, we still decompose u = C\V\ + 
C 2 V 2 + V 3 as in <^J^. 

PropositionOholds since LemmaO-Ohold for V h V 2 , V 3 defined by (EH) -(EDI]) 
and p € C 2 (Q) which is the solution to: 



I p = on dDi U dD 2 , p = 1 on dfl. 
The proofs are essentially the same. 

Now we start to estimate \C\ — C 2 \. By the decomposition formula (10.131) . instead 
of (TOUD . we denote 



Then Lemma [1.41 and (II. 2 lj) — (11.231) still hold for a\ m and b\ defined above. 

In fact, to prove Lemma [1.41 with general coefficients, we only need to change |^ to 
a l i(x) d x .* u j: change A* in d Xj (a%(x) d Xi A and change v u v 2l v 3 in V u V 2 , V 3 , 



respectively, in the original proof of Lemma 11.41 For instance, (ll.24p is changed to 



— —0-21 + a 12- 

Therefore, to estimate \C\ — C 2 \, it is equivalent to estimating |au — aai 2 \ and 
\bi — ab 2 \. 

For | an — aai 2 \, Lemma 1X751 — 1 1 .71 still hold for anil = 1, 2) defined by (13.521) . The 
proof is quite similar and the only thing which needs to be shown is the following: 





(3.52) 




(3.53) 
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i.e. 

a n = - / dl(x) d Xi V x d x .Vi. 
Jn 

Then by the uniform ellipticity of d^{x) and the harmonicity of V\, 

\a u \ > A / |Wi| 2 > A / |V^i| 2 , 
Jn Jn 

and 

|an| < / 4 j {x) d Xi wd Xj w < A / |Vuf < A / |Vw| 2 + C, 
Jn Jn Jnno r/2 

where w is defined in the proof of Lemma 11.51 with the same boundary data of V\ 
and w is defined by d 1 . 26[) and (jl.3ip . 

Thus, Lemma II. 51 - 11. 71 follow by the same computations. Then Lemma 11.81 and 
Proposition 11.21 hold with the same proofs. 

For \bi — o:i>2 1 , Proposition 11.31 also holds for bi(l = 1,2) defined by (13.521) and 
Qeif] defined by (I0.17p . The proof is the same after changing |i to (x) d Xi * uj. 

Combining the above propositions, we obtain our theorems. 



4 Appendix 

Some elementary results for the conductivity problem 

Assume that in M n , Q and u are bounded open sets with C 2 ' a boundaries, < 
a < 1, satisfying 

m 

uj = uj s C f2, 

s=l 

where {uj s } are connected components of uj. Clearly, m < oo and uj s is open for 
all 1 < s < uj. Given ip e C 2 (dQ), the conductivity problem we consider is the 
following transmission problem with Dirichlet boundary condition: 

Or 



(ka\ 3 (x) - a%(x))xu> + a%(x) d x .u k j =0 in fi, 
Uk = <p on dQ, 

where k = 1, 2, 3, • • • , and x^ is the characteristic function of uj. 

The n x n matrixes A±(x) := (a*/(x)) in uj, ^(x) := (a^ix)) in 0\ul are 
symmetric and 3 a constant A > A > such that 

Aiei 2 < «lu)Uj < Aiei 2 (vx g uj), m 2 < a^u)^ < a^i 2 (v* e nv) 
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for all f G M n and a?'(x) G C 2 (aJ), 4 j (x) G C 2 (^V). 



Equation (I4.54p can be rewritten in the following form to emphasize the trans- 
mission condition on doo: 



d Xj (a{(x) d Xi u k j = 
d x . (a l i(x) d Xi u^j = 



in 04, 

in Q\uJ, 

on dou, 
on du, 
on dQ. 



(4.55) 



u k \ + = u k \-, 

a%(x)d x .u k Vj\ + = ka l l(x)d Xi u k Vj\ 

yu k = ip 

Here and throughout this paper v is the outward unit normal and the subscript ± 
indicates the limit from outside and inside the domain, respectively. 

We list the following results which are well known and omit the proofs. 



Theorem 4.1 If u k G H l (Q) is a solution of equation ( 4-54 ), then u k G C 1 (Vl\uj) D 
C l (uj) and satisfies equation \4-55\) - 

If Uk G C l {VL\ijj) fl C 1 (U) is a solution of equation \4-5oV , then u k G and 
satisfies equation \4-°~4\} - 

Theorem 4.2 There exists at most one solution u k G H 1 ^) to equation 

The existence of the solution can be obtained by using the variational method. 
For every k, we define the energy functional 



k f 1 

J feM : = j / a\\x)d Xi vd Xj v + - 



a%(x)d Xi vd x v, 



(4.56) 



where v belongs to the set 

: = {v G H\n)\ v = cp on dtt}. 



Theorem 4.3 For every k, there exists a minimizer u k G H l {QL) satisfying 

I k [u k ] = min I k [v]. 



Moreover, u k G ff 1 (f2) zs a solution of equation ^4-°~4 )• 

Comparing equation f)4.55p . when k = +oo, the perfectly conducting problem 



turns out to be: 



d x . ( a l l (x) d Xi u) =0 



u\ + = u\ 
Vu = 



in 

on dui, 
in oj. 



a%(x)d Xi v,Uj\ + = (s = 1,2, • ■ • . ;//]. 



on dQ. 



(4.57) 
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We also have similar results: 



Theorem 4.4 Ifu E H 1 ^) satisfies equation h4-57\ ) except for the fourth line, then 
u E C 1 (tt\^)nC 1 (LJ). 

Proof: By the third line of equation (I4.57p . we have u = const on each component 
of lj, so u = const on each component of du. Thus u = const on each component of 
d(Q\uJ). 

Since u E H l (Vt) satisfies d Xi \a%{x) d Xi Ukj = in 0\aJ, u\qq — cp G C 2 (<9f2) and 
u = const on each component of d(Cl\u), by the elliptic regularity theory, we have 

uEC 1 (a\^)nc 1 (iu). ' □ 



Theorem 4.5 There exists at most one solution u G H 1 ^) D C 1 (fi\c<j) D C 1 (^) o/ 
equation fl^.57| ). 

Proof: It is equivalent to showing that if ip = 0, equation (14.571) only has the solution 
u = 0. Integrating by parts in the first line of equation (14 .5 7ft . we have 



= - / d x . (a%(x) d Xi u k j ■ u 



a % 2 (x)d Xi ud Xj u — / u ■ a 1 ^ (x)d Xi ui / j\_ + / u ■ (x)d Xi Wj\ 

Jf7\u Van ^aw s 

= a/ |V«| 2 . 

Thus Vw = in Q\ZJ. And since u = tp = on <9f2, we have u = in f2\u7. Since 
it|+ = u\- on <9a; and m = C on 57, we get u = on u7. Hence w = in f2, i.e. w = 
is the only solution of (I4.57[) when <p = 0. □ 

Define the energy functional 

Iao[v]:=-zf a%(x)d x .vd x .v, (4.58) 

where v belongs to the set 

A := {v G #J(fi)|Vv = in u}. 



Theorem 4.6 There exists a minimizer u E A satisfying 

Ioolu] = min/oo^]. 



Moreover, u E iJ 1 (fi) D C l (Vt\uo) D C 1 (^) a solution of equation jjj4-57\ ) 
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Proof: By the lower-semi continuity of 1^ and the weakly closed property of A, it 

is easy to see that the minimizer u G A exists and satisfies d Xj (a^ (x)d x .ii\ = in 

Q\uJ. The only thing which needs to be shown is the fourth line in equation (14.571) . 
i.e. 

a%(x)d Xt uvj\ + = 0, s = l,2,---,m. 

In fact, since u is a minimizer, for any <fi G C%°(Q) satisfying <fi = 1 on uj s and = 
on uJtit ^ s), let 

:=/„[« + (£GR), 

we have 



t=o 



ai(x)d Xi u(t) Xl = 0. 



n\u 



Therefore 
= - 



d x . ( ai (x) d Xi u k U= / a 2 J (x)d Xi u(j) Xj + <j> - c% (x)d Xi Wj \ 
n\u> v J Jn\uj Jdujs 

a 2 (x)d Xi Wj\ , 



dui s 



for all s = 1, 2, • • • , m. 



□ 



Finally, we give the relationship between Uk and u. 



Theorem 4.7 Let Uk and u in H 1 ^) be the solutions of equations and 
respectively. Then 



and 



Uk — u in if (O), as k — »■ +oo, 



lim I k [u k } = JooN 

k— >+oo 



where Ik and 1^ are defined as fl^-56] ) and ( [^.5&y . 

Proof: Step 1. By the uniqueness of the solution to equation (14.571) . we only need 
to show that there exists a weak limit u of a subsequence of in and w is 

the solution of equation (14.571) . 

(1) To show that after passing to a subsequence, Uk weakly converges in H X {V£) to 
some u. 

Let t] G H^(Q) be fixed and satisfy rj = on ZJ, then since u k is the minimizer 
of Ik in Hp(Q), we have 

^l|Vw fc ||i 2{c) < h[uk] < h[v] = \J n _ a z (^iV^ < ^\\v\\m(Q), 



i.e. 



|VM fc ||L2(n) < \\v\\m(n) = M, 
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where M is independent of k. 

Since u k = <p on dQ and sup fc ||wfc||_f/i(n) < °°; we have u k — w in H^ft). 
(2) To show that m is a solution of equation (14. 5 7ft . 

In fact, we only need to prove the following three conditions: 

d x . (a$(x) d Xi u) = in Q\u, (4.59) 
Vu = in w, (4.60) 

/ a2 J (x)(9 Xi M fc z/ j | + = 0, s = 1,2, • • • ,m. (4.61) 

(i) For every fc, since G /f 1 (fi) is the solution of equation ( 14.541) . then 
V G Cf(fi), we have 

fc / a l l{x)d Xi u k (j) x .+ I a% (x)d Xi Uk<f>xj = 0. 
Jo) J n\s7 

Thus, V G C c °°(fi\cJ) C C c °°(fi), 



= / a% (x)d Xi u k (j) Xj — > / a%(x)d Xi u(j) X] , 
Jn\u Jn\Tj 

since u k ^ u in H^(Q) C if 1 (fi). 
Therefore, 

/ a^(rW,.uo,, 0, V0GC c °°(fi\cJ), 

i.e. (14T59|) . 

(ii) Let 77 G H^(Q) be fixed and satisfy 77 = on uJ, then since u k is the minimizer 
of I k in Hp(fl), we have 



Y-H VMfc lli 2 M - - = I / _ a 2 (x)d Xi T}d XJ Ti < -\\v\\m(n), 
which implies 

l|Vufe||ia( w ) -> 0, as A; ^00. 

By (1), since u k ^ u in H 1 ^), then u k ^ u in H 1 {uj). Therefore, by the lower-semi 
continuity, we get 

0<A / |Vw| 2 < / di{x)d x .ud Xj u < / dl(x)d Xi u k d Xj u k 

J UJ J UJ J UJ 

< AllVufcH^^) — > 0, as k — > 00. 
Hence, J | Vw| 2 = =>- Vw = in c<j, which is just (14.601) . 

(iii) By (i) and (ii), u satisfies (I4.59P and is either constant or ip on each component 
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of d(Q\u). Thus, u G C 2 (Q\uj). For each s = 1, 2, • • • , m, we construct a function 
g G C 2 (fi\c<j), such that g = 1 on cta> s , g = on <9c<j t (t 7^ s), and g = on <9f2. 
By Green's Identity, we have the following: 



= - / a^fa^x) d Xi u k )g 
Joxw v 7 



'1 + 



ia\T3 

a%(x)d Xi u k d Xj g- I g-a%(x)d Xi u k is j \_+ I g ■ 0% (x)d Xi u k v. 
n\u> Jon Jdi 

a 2 (x)d Xt u k d Xj g + k a( (x)d Xi u k Vj \ _ 

f2\u7 J dui a 

a%(x)d x .u k d Xj g. 
Similarly, 

= -/ d Xj (a%(x) d Xi u)g= / a%(x)d Xi ud Xj g + / a^x)^^-!. 
Since — ^ u in it follows 



= / a%(x)d Xi u k d Xj g — ► / a%(x)d Xi ud x .g. 
Jn\zj Jn\Tj 

Thus, 



a%(x)d x .uvj\ + = 0, 

du) s 

for any s = 1, 2, • • • , m. Therefore, we finish the proof of the first part. 

Step 2. Since u k is a minimizer of I k and Vw = in u, for any k G N, 

4M < 4M = /«>[«]■ 
Then limsup fe ^ +00 4[w fe ] < Joo[w]. 

On the other hand, by Theorem 14.71 since u is the weak limit of {u k } in H 1 (Q), 
we obtain 

Ioc[u}= / d%(x)d Xi ud x ,u < liminf / a%(x)d Xi u k d x u k < liminf 
Therefore, 



lim I k [u k ] = Ioo[u\. 



□ 
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